ABSTRACT PSR B0943+10 is a mode-switching radio pulsar characterized by two emission modes with different radio and X-ray properties. Previous studies, based on simple combinations of blackbody and power law models, showed that its X-ray flux can be decomposed in a pulsed thermal plus an unpulsed non-thermal components. However, if PSR B0943+10 is a nearly aligned rotator seen pole-on, as suggested by the radio data, it is difficult to reproduce the high observed pulsed fraction unless magnetic beaming is included. In this work we reanalyze all the available X-ray observations of PSR B0943+10 with simultaneous radio coverage, modeling its thermal emission with polar caps covered by a magnetized hydrogen atmosphere or with a condensed iron surface. The condensed surface model provides good fits to the spectra of both pulsar modes, but, similarly to the blackbody, it can not reproduce the observed pulse profiles, unless an additional power law with an ad hoc modulation is added. Instead, the pulse profiles and phase-resolved spectra are well described using the hydrogen atmosphere model to describe the polar cap emission, plus an unpulsed power law. For the X-ray brighter state (Q-mode) we obtain a best fit with a temperature kT ∼ 0.09 keV, an emitting radius R ∼ 260 m, a magnetic field consistent with the value of the dipole field of 4 × 10 12 G inferred from the timing parameters, and a small angle between the magnetic and spin axis, ξ = 5
INTRODUCTION
It is generally believed that the thermal components observed in the X-ray spectra of many old and middle-aged rotation-powered pulsars originate from limited regions of the star surface, typically the polar caps, kept hot by some heating process. In fact, as it has been known from the neutron star cooling theory since 1960s (Tsuruta & Cameron 1966) , at an age 1 Myr the surface of an isolated neutron star becomes too cool to emit significantly in the X-ray range Corresponding author: Michela Rigoselli m.rigoselli@campus.unimib.it, michela.rigoselli@inaf.it (see, e.g., Potekhin et al. 2015; Potekhin & Chabrier 2018 for recent reviews and references). On the observational side, the evidence for the small size of the hot regions comes from the fact that the thermal components are pulsed and from the dimensions of the emitting area inferred from spectral fits with blackbody or neutron star atmosphere models (Potekhin 2014 , and references therein).
There are several processes that can alter the thermal evolution of an isolated neutron star. They can be broadly divided into two categories, according to where they act, either in the star interior or at the surface. For example, the decay of the magnetic field and plastic deformations of the crust driven by magnetic stresses can release a significant amount arXiv:1812.09030v1 [astro-ph.HE] 21 Dec 2018 of energy that heats the outer layers of the star (Arras et al. 2004; Pons et al. 2007; Cooper & Kaplan 2010; Viganò et al. 2013; Kaminker et al. 2014) .
The latter processes are effective only for very strong magnetic fields (B 10 14 G), therefore they are mainly relevant for magnetars. A process that can lead to localized hot spots results from the photon-pair cascades that develop in the pulsar magnetosphere, where the backward accelerated particles collide with the star surface near the polar caps and heat it (Ruderman & Sutherland 1975; Arons & Scharlemann 1979; Harding & Muslimov 2001 , 2002 .
A few important issues have to be taken into account when studying the thermal emission from neutron stars with X-ray observations. Spectral fits with a single blackbody model are generally used as a starting point to distinguish thermal from non-thermal (power law) emission and provide a first estimate of the temperature and emitting radius (the latter is of course affected by the uncertainty on the star distance).
It was soon realized, however, that more realistic models should be used instead (see, e.g., Romani 1987; Shibanov et al. 1992; Pavlov et al. 1994) . Indeed much effort was put into developing atmosphere models which account for the effects of different chemical compositions, magnetization, and surface gravity (e.g., Potekhin 2014 and references therein). The observed X-ray spectra and pulse profiles depend also on other parameters that are often poorly known, such as star mass and radius, and on the system geometry, i.e. the angles between the rotation and magnetic axis/line-of-sight (LOS). A further complication is the presence of additional X-ray emission due to non-thermal processes. In many objects thermal and non-thermal components contribute in a comparable way over the whole observed energy range and it is difficult to disentangle them. This can lead to correlated parameters and large uncertainties in the spectral fits and affects the energy-dependence of the pulsed fractions.
In this work we focus on the X-ray emission of the pulsar PSR B0943+10. Being a relatively old pulsar at a distance of about 1 kpc, its X-ray flux is rather weak. However, PSR B0943+10 is particularly interesting because it is one of the best studied mode-switching pulsars (Suleimanova & Izvekova 1984) . Mode-switching pulsars alternate between two (or more) modes characterized by different properties in the radio band, such as the average pulse profile, intensity, polarization and drift rate of subpulses (Cordes 2013) . Hermsen et al. (2013) discovered that also the X-ray properties of PSR B0943+10 change when it switches between the so called (radio) Bright and Quiet modes (hereafter B-and Q-mode), with the X-ray flux a factor ∼ 2.5 times higher in the Q-mode. More recently, Mereghetti et al. (2016) found that pulsed thermal X-ray emission, associated to a small emitting area, is present during both modes. In these works blackbody components were used in the spectral fits, while here we explore more complex models. Indeed, a physically realistic description of the pulsed thermal emission of PSR B0943+10, that remarkably varies in anticorrelation with the radio flux, is required in trying to understand the still unknown reasons for the mode-switching behavior in radio pulsars.
In section 2 we first recall the results of previous X-ray observations of PSR B0943+10 and then summarize the information on its geometry as derived from radio data. In section 3 we illustrate the approach we used to compute the phasedependent spectrum emitted by the pulsar. We then describe the data analysis (section 4) and the results obtained when the thermal emission is modeled with a simple blackbody (section 2), a magnetized hydrogen atmosphere (section 5.2) and a magnetized condensed surface of iron (section 5.3). The results are discussed in section 6.
PSR B0943+10
The timing parameters of PSR B0943+10 (spin period P = 1.1 s andṖ = 3.5 × 10 −15 s s −1 ) give a characteristic age τ = P/(2Ṗ) = 5 Myr, a dipolar magnetic field at the poles B d = 4 × 10 12 G, and a rate of rotational energy lossesĖ = 10 32 erg s −1 . Its dispersion measure is DM = 15.31845(90) cm −3 pc (Bilous et al. 2016) , which, using the recent model for the Galactic electron density distribution by Yao et al. (2017) , corresponds to a distance of 0.89 kpc 1 .
Previous X-ray results
X-ray emission from PSR B0943+10 was discovered with XMM-Newton in 2003, but the faint flux hampered a detailed analysis (Zhang et al. 2005) . Longer XMM-Newton observations, with simultaneous radio coverage, were carried out in 2011 and led to the discovery of X-ray variability anticorrelated with the radio intensity (Hermsen et al. 2013 ). These authors found that the X-ray emission was a factor ∼ 2.5 brighter, and pulsed at the star spin period, during the radio-fainter Q-mode. The Q-mode X-ray spectrum was fitted with the sum of a blackbody with temperature kT ∼ 0.27 keV and a power law with photon index Γ ∼ 2.6, while either a blackbody or a power law could fit equally well the spectrum of the fainter B-mode. Using also the timing information in a maximum likelihood analysis, these authors simultaneously derived the spectra of the pulsed and unpulsed emission. They found that for the Q-mode the pulsed spectrum could be fit by a blackbody and the unpulsed one by a power law. These components were consistent, respectively, with the blackbody and the power law seen in the two-components fit of the total spectrum. These results were interpreted assuming that PSR B0943+10 emits only an un-pulsed, non-thermal component in the B-mode, and that the higher luminosity of the Q-mode is caused by the addition of a 100%-pulsed thermal component (Hermsen et al. 2013) .
The 2011 XMM-Newton data were subsequently reanalyzed by Mereghetti et al. (2013) and by Storch et al. (2014) . Mereghetti et al. (2013) advocated the possibility that thermal X-ray emission is present during both radio modes and suggested that the increased flux of the Q-mode could be due to the appearance of a pulsed non-thermal component. They derived a 0.6−1.3 keV pulsed fraction of 0.56±0.08 in the Qmode and an upper limit of 0.56 during the B-mode. Storch et al. (2014) showed that the large pulsed fraction of the Qmode can be explained invoking a magnetized atmosphere on top of the emitting cap (see below).
A further campaign of simultaneous X-ray and radio observations of PSR B0943+10 was carried out with an XMMNewton Large Program and the LOFAR, LWA and Arecibo radiotelescopes in November 2014 (Mereghetti et al. 2016 ). Thanks to the larger statistics provided by these data, it was possible to detect X-ray pulsations and to rule out a single power law spectrum also in the B-mode. A good fit was obtained either with a single blackbody (with temperature kT ∼ 0.23 keV) or with a blackbody plus power law, with parameters similar to those of the Q-mode. The spectral analysis of the pulsed and unpulsed emission confirmed the findings of Hermsen et al. (2013) : during the Q-mode, the pulsed emission is thermal, and fitted well by a blackbody, while the unpulsed emission is a power law. On the other hand, the results were less constraining for what concerns the B-mode: both the pulsed and unpulsed emission could be fit by either a power law or a blackbody. Hermsen et al. (2013) and Mereghetti et al. (2016) derived the pulsed fraction (PF) as a function of energy, defined as
where c p and c u are the pulsed and unpulsed counts, respectively, derived with the maximum likelihood method (see below) under the assumption that the pulse shape is sinusoidal. They found that the PF in the Q-mode increases steadily from 0.21 ± 0.08 in the 0.2 − 0.5 keV band to 0.69 ± 0.13 at 2 keV, while it is nearly constant at 0.38 ± 0.05 between 0.2 − 2 keV in the B-mode (see Figure 1) . If the pulsed flux is due to thermal emission from a polar cap, as indicated by the results of Hermsen et al. (2013) and Mereghetti et al. (2016) , such a large PF is difficult to reconcile with the pulsar geometry inferred from the radio data, according to which PSR B0943+10 is a nearly aligned rotator seen poleon (Deshpande & Rankin 2001) , unless magnetic beaming is invoked. Indeed, Storch et al. (2014) were able to qualitatively reproduce the Q-mode light curve and spectrum, derived from the 2011 observations, using a partially ionized hydrogen atmosphere model with magnetic field of 2 × 10 12 G and effective temperature of 1.4 − 1.5 MK.
Geometry from radio data
The observed properties of pulsars depend on the angles ξ and χ that the star magnetic axis and the LOS, respectively, make with the spin axis. Introducing the angle η between the magnetic axis and the LOS, and choosing an orthonormal frame with the z axis along the spin axis and the x axis as the projection of the LOS orthogonal to z, it follows that cos η = cos ξ cos χ + sin ξ sin χ cos φ ,
where φ is the rotational phase. When the LOS, the magnetic and rotation axes lie in the same plane, cos φ = ±1 and η = |χ ∓ ξ|. In particular, cos φ = 1 corresponds to the minimum angular distance between the LOS and the magnetic axis. If χ < ξ, this provides χ = ξ − η (inside traverse), while in the opposite case (χ > ξ) it is χ = ξ + η (outside traverse). The very steep radio spectrum (S ν ∝ ν −2.9 in the 0.1 − 10 GHz range, Malofeev et al. 2000) and the presence of drifting subpulses have been considered indications that both ξ and χ are rather small in PSR B0943+10. A steep spectrum is expected when the LOS grazes a beam of radio emission which becomes narrower with increasing frequency. The drifting subpulses can occur when the LOS crosses nearly tangentially the hollow cone of emission which characterizes the radio beam of the pulsar. According to the analysis by Deshpande & Rankin (2001) , the expected ranges for ξ and χ are 10
• < ξ < 15
• and 5 • < χ < 10 • . Recently, Bilous (2018) reconsidered the problem of the geometry of PSR B0943+10. The angles ξ and χ are evaluated by analyzing the frequency dependence of the observed 
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• ξ is the angle between the magnetic and spin axis; χ is the angle between the line of sight and the spin axis.
profile width w ν in the radio band. This is related to the frequency-dependent opening angle of the emission cone ρ ν via: cos ρ ν = cos ξ cos(ξ + η) + sin ξ sin(ξ + η) cos(w ν /2) (3) (Gil et al. 1984; Rankin 1993) . ρ ν depends on the frequency as
where K = 0.066±0.010, a = 1.0±0.1 and ρ ∞ is the opening angle of the emission cone at infinite radio frequency when P = 1 s (Mitra & Deshpande 1999) . Deshpande & Rankin (2001) considered ρ 1 GHz = ρ ∞ × 1.066 × P −1/2 in a range between 4
• .3 and 5
• .7 and excluded the outside traverse case because, in the context of the rotating carousel model adopted by these authors, it made inconsistent predictions on the periodic modulation of drifting subpulses.
On the other hand, Bilous (2018) noted that the uncertainties on ρ 1 GHz are larger and, following Mitra & Deshpande (1999) , adopted 2
• < ρ 1 GHz < 8
• . She found that η ≈ ρ 1 GHz and considered that both branches of solutions corresponding to the inside and the outside traverse should be retained because the amplitude modulation at 37P of the drifting subpulses was not detected in her new radio data.
In conclusion, the angle between magnetic and spin axis derived by Bilous (2018) is constrained in the range: 5
• < ξ < 30
• . For each value of ξ only two well defined values of χ are possible and are in the ranges 3
• < χ < 22
• (inside traverse model) or 7
• < χ < 38
• (outside traverse model). In the following, we consider four representative pairs of ξ and χ for the inside traverse case and the corresponding ones for the outside traverse, as indicated in Table 1. 3. THE RAY-TRACER CODE Our computation of the phase-dependent spectrum emitted by the magnetic polar caps of a NS, as seen by a distant observer, is done in two steps: the first involves the computation of the local spectrum emitted by each patch of the surface, while the second requires the collection of the contributions of surface elements which are in view at different rotation phases. Details of each step are presented in , see also Taverna et al. 2015 ) and the numerical calculation was carried out using an idl script; here we discuss some specific assumptions for the PSR B0943+10 case.
While blackbody emission is isotropic and depends only on the surface temperature T s , the spectrum emerging from a magnetic atmosphere or a solid condensed surface depends on the magnetic field intensity and orientation with respect to the local normal (θ B ), as well as on the angles that the photon direction makes with the surface normal (θ k and φ k ). The emerging radiation is therefore beamed. However, if we consider magnetic polar caps that are sufficiently small, they can be treated as point-like and therefore the normal to the emitting surface is aligned with the dipolar magnetic field (θ B = 0
• ), implying also azimuthal symmetry (no dependence on φ k ). The point-like assumption is justified if the semi-aperture of the cap is 5
• (Turolla & Nobili 2013 , see also Beloborodov 2002 . Indeed, the observed radius of the emitting region, as derived from spectral fits, is in the range 30 − 300 m (see sections 5.2 and 5.3), which corresponds to a semi-aperture ∼ 0
• .15 − 1 • .5, small enough to treat the caps as point-like.
Once the emission model is specified, the spectrum at infinity is computed collecting the contributions from each patch, accounting for general relativistic effects. Because of ray bending, the visible part of the star surface is larger than one hemisphere and, for certain geometrical configurations, both caps are fully in view at the same phase (e.g. Pechenick et al. 1983; Beloborodov 2002; Turolla & Nobili 2013) .
We give all the spectral results in terms of observed quantities at infinity. The observed temperature, T ∞ , is related to that measured by a stationary observer at the star surface, T s , by T ∞ = T s 1 − 2GM/Rc 2 , while the observed polar cap radius is inferred from the equations of Turolla & Nobili (2013) . We assume a neutron star of mass M = 1.5 M and radius R = 12 km, and adopt for PSR B0943+10 a distance of 0.89 kpc.
OBSERVATIONS AND DATA ANALYSIS
XMM-Newton observed PSR B0943+10 in 2003, 2011 and 2014 . In all the analyses reported here, we used the sum of the 2011 and 2014 observations, after checking that the individual data sets give consistent results. From the exposure times and number of source counts reported in Table 2 one can see the increase in the statistics, compared to previous works based on the individual data sets (more details on the 2011 and 2014 observations can be found in Hermsen et al. 2013 and Mereghetti et al. 2016, respectively) .
Although there are no simultaneous radio data for the 2003 observations, the average X-ray flux measured in December 2003 suggests that the pulsar was in the B-mode for most of the time (Mereghetti & Rigoselli 2017) . In principle, we could have added these data to those analyzed here, but also in view of their short exposure, we decided to restrict our analysis to the 2011 and 2014 data sets for which the mode identification based on radio observations is certain.
During all observations, the EPIC pn camera was operated in full frame mode, which provides a time resolution of 73 ms, while the two MOS cameras were used in small window mode (the imaging mode with the highest time resolution, 0.3 s). For the three cameras the thin optical filter was used.
We reprocessed the EPIC pn data using the SAS task epreject to reduce the detector noise at the lowest energies. To remove the periods of high background we used the same cuts adopted in Mereghetti et al. (2016) , i.e. we excluded all the time intervals with a pn count rate in the range 10 − 12 keV higher than 1.2 cts s −1 . The resulting net exposure times are given in Table 2 . To separate the data of the B-and Qmodes, we used the times derived from radio data in the previous works by Hermsen et al. (2013) and Mereghetti et al. (2016) .
We used single-and multiple-pixel events for both the pn and MOS. The events detected in the two MOS cameras were combined into a single data set, and analyzed with averaged exposure maps and response files.
To extract the source counts and spectra, we used a maximum likelihood (ML) technique, as first introduced for this pulsar by Hermsen et al. (2013) . Briefly, this consists in estimating the most probable number of source and background counts by exploiting the knowledge of the instrumental point-spread function (PSF), derived from in-flight calibrations 2 , suited for the average energy in the considered bin. This method has the advantage of maximizing the number of 2 http://www.cosmos.esa.int/web/xmm-newton/calibration/documentation source counts and of using a local background estimated at the effective position of the source.
We applied the ML analysis to a circular region centered at R.A. = 09 h 46 m 07 s .8, dec. = +09
• 52 00 .8, with a radius of 30 , from which we excluded a circle of radius 30 centered at R.A. = 09 h 46 m 10 s .7, dec. = +09
• 52 26 .4 to avoid a nearby source. The energy bins for the ML analysis were chosen in such a way to have a well determined background 3 and a source significance greater than 5σ 4 in each spectral channel. In this way we obtained 23 energy bins for the pn (0.2 − 7 keV) and 8 for the MOS (0.2 − 4.3 keV) for the Qmode, and 13 energy bins for the pn (0.2 − 6.7 keV) and 7 for the MOS (0.2 − 5.5 keV) for the B-mode.
In the spectral fits we used the interstellar absorption model phabs of XSPEC, version 12.8.2. All the errors are at 1σ level. For the timing analysis, the pulse phases of PSR B0943+10 counts were computed using the ephemeris given in Mereghetti et al. (2016) , that are valid from 54861.014 to 57011.249 MJD (Jan 2009 to Dec 2014).
5. RESULTS
Blackbody thermal emission
As a first step, we considered fits to the total (i.e. pulsed plus unpulsed) emission of PSR B0943+10 using only power law and blackbody spectral components. We obtained best fit parameters (Table 3) fully consistent with those found in previous analyses (Hermsen et al. 2013; Mereghetti et al. 2016) Figure 2. EPIC-pn (blue diamonds) and -MOS (red squares) X-ray phase-averaged spectra of PSR B0943+10 in the Q-mode (left) and in the B-mode (right). The top panels show the best fit using absorbed power law plus blackbody models; the lower panels show the residuals of the best fit (PL+BB), of an absorbed power law model (PL) and of an absorbed blackbody model (BB) in units of σ.
and in general with slightly smaller uncertainties, thanks to the better statistics provided by joining the 2011 and 2014 data.
In the Q-mode, single-component models are clearly rejected (see Figure 2 , left panel), while good fits are obtained with a blackbody plus power law or with the sum of two blackbody components. In the B-mode, a single power law is clearly rejected (χ 2 ν = 2.28/18 degrees of freedom, dof, corresponding to a null hypothesis probability nhp = 0.004). A blackbody model with temperature kT = 0.22 ± 0.01 keV is marginally acceptable (χ 2 ν = 1.66/18 dof, nhp = 0.04), but the shape of the residuals shown in the right panels of Figure  2 indicates that a second spectral component is needed. In fact, similarly to the Q-mode, a good fit can be obtained by using either a power law plus a blackbody or the sum of two blackbodies (see Table 3 ).
We also examined the spectra of the pulsed and unpulsed emission in the two radio modes, using a ML analysis that also takes into account the timing information of each photon (see details in Hermsen et al. 2017 and Mereghetti 2018) . The results, again in agreement with those obtained with the 2014 data alone, are summarized in Table  4 .
Although modeling the thermal emission with blackbody components gives formally acceptable results from the point of view of the spectral fits, there are obvious problems to reproduce the observed energy-dependence of the folded pulse profiles. In fact, the blackbody emission from an element of the NS surface is isotropic and the light curves produced by a rotating hot spot do not depend on energy. Therefore, the pulsed fraction depends only on the geometrical parameters and on the compactness ratio M/R of the star.
Energy-dependent pulse profiles can be obtained if an unpulsed power law component is added to the blackbody, as shown in Figure 3 for emitting polar caps of different temperatures. The figure refers to the geometric configuration of Table 1 yielding the highest modulation, i.e. ξ = 30
• and χ = 38
• . In all cases, we adopted a polar cap size consistent with the spectral results of the Q-mode and included the corresponding best-fit unpulsed power law. The dashed line gives for comparison the pulsed fraction that would be obtained in the absence of the unpulsed power law component. For completeness, even if not of direct interest for the case of PSR B0943+10, Figure 3 shows also the pulsed fraction expected in the case of thermal emission from the whole NS surface with an inhomogeneous temperature T s given by
where T p is the temperature at the magnetic poles and θ is the magnetic colatitude. Equation 5 follows from the more general result of Greenstein & Hartke (1983) , by assuming a dipolar magnetic field, a locally plane-parallel geometry of the heat-insulating layer, and a negligibly small thermal conductivity perpendicular to the magnetic field. As expected, such a large emitting area produces an even smaller pulsed fraction.
Magnetized hydrogen atmosphere
The surface of a neutron star can be covered by a gaseous atmosphere, where radiative processes alter the emergent spectrum. Model atmospheres of highly magnetized neutron stars were computed by many authors, following the pioneering work of Shibanov et al. (1992) (see, e.g., Potekhin et al. 2016 for a review and references therein). Here we use the approach of Suleimanov et al. (2009) and corresponding code to compute a grid of model atmospheres in the required ranges of surface effective temperature T eff and surface magnetic field. In a magnetized plasma, the electromagnetic radiation propagates in the form of extraordinary (X) and ordinary (O) normal modes, that have different opacities and polarization vectors (Ginzburg 1970; Mészáros 1992 ). The models are computed in the plane parallel approximation. Table 1 producing the highest modulation (ξ = 30
• , χ = 38 • ). The dashed line is the PF expected if only the blackbody emission from the polar cap is present, while the solid lines show the PF given by a polar cap at temperatures kT = 0.30 keV (black), kT = 0.25 keV (blue), kT = 0.35 keV (red) when also a non-thermal unpulsed emission is present (power law with Γ = 2.6). The pulsed fraction produced by the non-uniform temperature distribution of eq. 5 is shown by the green line. The black dots indicate the observed pulsed fraction of the Q-mode.
We assume that the atmosphere consists of hydrogen, and calculate the equation of state of partially ionized hydrogen plasma and its polarization-dependent opacities according to Potekhin & Chabrier (2003) with improvements introduced by Potekhin et al. (2014) . The main improvement consists in the inclusion of radiative transitions from excited bound states of magnetized H atoms. The plasma polarizabilities and normal-mode opacities are computed using the KramersKronig relation, as in Potekhin et al. (2004) . We take into account partial mode conversion due to vacuum polarization as described by van Adelsberg & Lai (2006) .
The radiation transfer equation was solved for about 200 photon energies from 0.01 to 40 keV at 40 angles to the atmosphere normal, uniformly distributed on a logarithmic scale from 1
• to 89 • .9 with the addition of a further point at 0
• .1. Altogether 84 model atmospheres were computed for seven surface effective temperatures (0.5, 0.8, 1, 1.2, 1.5, 2 and 3 MK) and twelve values of the magnetic field (1, 1.5, 2, 2.4, 2.7, 3, 3.5, 4, 5, 6, 7 and 8 ×10 12 G). The surface gravity log g = 14.241 was fixed to the adopted NS parameters, M = 1.5 M and R = 12 km. The magnetic field was assumed to be normal to the surface. As argued in section 3, this is a good approximation for small hot spots located around the magnetic poles. Figure 4 shows the angular dependence of the specific intensity at the magnetic pole for different photon energies in the case of T eff = 1 MK and B = 4 × 10 12 G. The angular dependence we find is typical of magnetized atmospheres and very similar to those obtained previously, e.g., by Pavlov et al. (1994) and Zavlin & Pavlov (2002) .
The pronounced peak along the magnetic field is related to the reduction in the opacity of both polarization modes at small angles between the magnetic field and the direction of photon propagation (Suleimanov et al. 2009 ). However, the total flux in that peak is relatively small because it occupies a small solid angle. Most of the radiation escapes in the second broad maximum at intermediate angles, that gives rise to the so-called fan-beamed emission. This off-axis maximum is caused by the opacity reduction in the X-mode at large angles (Pavlov et al. 1994; Suleimanov et al. 2009 ). Finally, we note a gradual softening of the specific intensity at higher angles approaching 90
• , because relatively cold surface atmospheric layers contribute substantially at these angles. The emerging specific intensity becomes more anisotropic with increasing photon energies, as the relative importance of electron scattering to the total opacity increases.
For each set of parameters explored in our model, we computed the phase-averaged spectrum and implemented it in XSPEC. We found that, for any of the considered geometries (Table 1) , it was possible to find an acceptable fit to the phase-averaged spectra of both the Q-and B-mode using only the atmosphere model, without the need of an additional power law component.
The best fit parameters depend on the ξ and χ values. For all the considered angles, the fits to the Q-mode spectra gave a small absorption, consistent with 0 (1σ upper limit of N H < 6 × 10 19 cm −2 ). The best fit spectral parameters were in the ranges B = 2 − 6 × 10 12 G, kT = 0.10 − 0.15 keV, and R cap = 150−300 m. In the B-mode the absorption was poorly constrained; therefore we fixed it to 6 × 10 19 cm −2 and obtained best fit values of kT similar to those of the Q-mode, but with R cap in the range 100 − 200 m and unconstrained values of B. For the Q-mode the best fit was found for ξ = 5
• and χ = 3
• , while all the considered geometries gave equally good fits (χ 2 ν ≈ 1) to the B-mode spectra. In order to distinguish between the different possibilities allowed by the atmosphere fits to the phase-averaged spectra, we examined the pulsed profiles, which have a stronger dependence on the geometrical configuration. For each pair of ξ and χ values we computed the expected pulse profile in the energy range 0.5 − 2 keV, where the pulsation is detected with the highest significance, taking into account the instrumental response of EPIC. For each geometrical configuration and mode we used the corresponding best fit values of kT , R cap and B derived in the spectral analysis. The resulting pulse profiles were quantitatively compared to the observed ones using a Kolmogorov-Smirnov (KS) test. In this way, we found that the acceptable configurations (probability > 10% that the observed data come from the model) are ξ = 5
• , χ = 3
• and ξ = 5
• , χ = 7
• for the Q-mode. The B-mode analysis adds no information because all the configurations were acceptable (KS-test probability > 13%).
More information can be obtained by performing phaseresolved spectroscopy. For this, we extracted with the ML technique the Q-and B-mode spectra of PSR B0943+10 in two phase intervals of duration 0.5 centered at phase 0 (pulse maximum) and at phase 0.5 (pulse minimum). To fit these spectra, we used models specifically computed by integrating the predicted emission over the corresponding phaseintervals as described above.
The joint fit of the four Q-mode spectra (two pn and two MOS) showed that the geometrical configurations with small angles are preferred (nhp = 0.06 for ξ = 5
• and χ = 3 • , nhp < 3 × 10 −3 for all the other cases), although the fit is worse than that of the phase-averaged spectra.
Better fits could be obtained by adding to the model a power law component, that was assumed to be unpulsed by linking its parameters to common values in the two phase bins. We initially let the interstellar absorption as a free parameter, but since it was poorly constrained, we finally fixed it to the value of 4.3 × 10 20 cm −2 used in previous analysis. In the Q-mode, for all the considered geometrical configurations, good fits were obtained with a photon index Γ ≈ 2 − 2.5. However, for ξ ≥ 20
• the best-fit models required values of magnetic field smaller than 10 12 G, inconsistent with the value expected from the timing parameters of PSR B0943+10. All the expected pulse profiles, together with the spectral parameters from which they are computed and the KS-test probability, are shown in Figure 5 .
The configuration favoured by both the KS test for the light curves and the χ 2 test for the spectra is ξ = 5
• , that yields Γ = 2.5±0.2, kT = 0.089 Table 5 for all the details). Figure 6 shows the best-fit phase-averaged (left panel) and phase-resolved (right panel) spectra. As a comparison, in the lower panels the residuals of the atmosphere model alone are shown: while in the phase-averaged case the addition of the power law is not required, the fit of the phase-resolved spectra (especially the spectra of the pulse maximum) is significantly improved.
For what concerns the B-mode, the atmosphere model alone can fit well the phase-resolved spectra, but only in the configurations with large ξ and χ (nhp > 0.47). With the addition of a power law (with fixed Γ = 2.3, due to the lower statistics in the B-mode) all the geometrical configurations give acceptable spectral fits (nhp > 0.30) and light curves (KS-test probability > 0.20). The latter are shown in Figure 7 . The inferred magnetic field, although with large uncertainties, is lower than that found for the Qmode. For the best fitting geometry of the Q-mode (ξ = 5
• ), we get kT = 0.082 Table 5 for all the details).
Condensed magnetized surface
In the presence of a strong magnetic field, the NS surface can undergo a phase transition into a condensed state, if its temperature is below a critical value which is a function of the magnetic field strength and composition (Medin & Lai 2007 , and references therein). A high magnetic field strongly affects the properties of atoms, molecules and plasma. This may lead to the formation of linear molecular chains aligned with the magnetic field which can then form a condensate via covalent bonding. The critical temperature at which condensation occurs, at a given B, depends on the chemical composition. Higher Z elements form a condensate at lower temperatures with respect to pure hydrogen.
If the polar caps have a temperature of hundreds of eV, a field of ∼ 10 14 G is needed for magnetic condensation to occur. This value is far above the dipolar magnetic field of PSR B0943+10, but we can not exclude the possibility that this pulsar has such a high magnetic field if multipolar components are present close to the polar caps. Potekhin et al. (2012) developed a simple analytical expression for the emissivity from a condensed iron surface with two extreme approximations for the response of ions to electromagnetic waves: one neglects the Coulomb interactions between ions (free case), while the other treats ions as frozen at their equilibrium positions in the Coulomb lattice (fixed case). The true radiation properties of a condensed magnetized surface should be in-between these limits (see the discussion in Turolla et al. 2004) .
The condensed surface emits radiation with monochromatic intensity I ν = ε ν B ν , where B ν is the Planck spectral radiance and ε ν is the dimensionless emissivity, which depends on the magnetic field intensity and also on θ B , θ k and φ k . As mentioned in section 3, for nearly point-like magnetic polar caps θ B = 0
• and the emissivity has azimuthal symmetry. Figure 6 . EPIC-pn (diamonds) and -MOS (squares) X-ray spectra of PSR B0943+10 in the Q-mode. Left panel: phase-averaged spectra (blue: pn, red: MOS); right panel: phase-resolved spectra, where the spectra at the minimum phase are in blue (pn) and red (MOS), while those at maximum phase are in green (pn) and black (MOS). The top panels show the best fit of the case ξ = 5
• using an absorbed power law plus hydrogen atmosphere model (PL+AT); the corresponding residuals in units of σ are shown in the middle panels. The lower panels show the residuals of the best-fitting atmosphere model (AT). While the fits of the phase-averaged spectra with the two models are equally good, the addition of the power law component significantly improves the fit of the phase-resolved spectra. • , the blue ones to θ k = 30
• and the green ones to θ k = 60
• . The vertical lines indicate the values of E ci ,Ẽ C andẼ pe (see equations 6 -10).
The emissivities in the free and the fixed cases, computed with the analytic formulae of Potekhin et al. (2012) , are plotted in Figure 8 for B = 10 14 G, θ B = 0 • , and three different incident angles (θ k = 0
• , 30
• and 60 • ). The characteristic energies that appear in the plot are: the ion cyclotron energy E ci ,Ẽ C , andẼ pe . The latter are functions of the ion-electron cyclotron energies, the electron plasma energy and θ k : E ce = eB/m e c = 115.77 B 13 keV (6)
E pe = (4π 2 e 2 n e /m e ) 1/2 = 0.028 ρZ/A keV (8)
ρ of equation 8 is the density at the surface in g cm −3 , ρ ≈ 8.9 × 10 3 AZ −0.6 B 1.2
see Lai (2001) .
In the free ions case, the emissivity ε ν exhibits different behaviors in three characteristic energy ranges, that depend on the magnetic field intensity and on the incident angle. The fixed case is significantly different from the free one only at low energies, Ẽ C . The weak dependence of ε ν on the temperature has been neglected (as the temperature increases, the transitions of ε ν between characteristic energy ranges become smoother). The bulk of the calculations employed in the fitting was done at T eff = 1 MK, but a change up to a factor 3 affects the results by an amount similar to the typical error in the fits, as it is discussed in Potekhin et al. (2012) . Figure 8 shows that magnetic beaming of the emission from a condensed surface arises only for photon energies close to the characteristic energies given above, and it grows as θ k increases.
We computed the spectra and pulse profiles produced by a hot polar cap with a condensed iron surface, using our baseline values for the geometry of PSR B0943+10 (Table 1) , and different values of kT and B in the appropriate range to have a condensed surface. As previously done with the hydrogen atmosphere, for each set of parameters we produced a model of the phase-averaged spectrum and implemented it in XSPEC. We verified that for all the pairs of ξ and χ in Table 1 it was possible to find an acceptable spectral fit, but only the most-misaligned geometries give rise to a light curve pulsed enough. Therefore, in the following we consider only the most favorable case, ξ = 30
• . The phase-averaged spectrum of the Q-mode could be fitted only with the addition of a non-thermal component, but it is impossible to reproduce the observed pulsed fraction because in any case the power law component adds more unpulsed counts. Similar results were found in the analysis of the B-mode data.
In conclusion, the condensed surface emission model requires the presence of an additional power law component in the spectrum and, in order to reproduce the observed pulsed fraction, also this non-thermal component has to be pulsed. Not surprisingly, this is similar to the case of blackbody thermal emission examined in section 2. To quantify the required modulation of the non-thermal component, we performed phase-resolved spectroscopy using the two phase intervals defined above. We fitted with the condensed surface model plus a power law with normalization free to vary between the pulse maximum (K max ) and minimum (K min ). The best fit parameters are summarized in Table 5 , where also the pulsed fraction of the power law is reported.
DISCUSSION
Most previous analyses of the X-ray emission from the radio and X-ray mode-switching pulsar PSR B0943+10 (Zhang et al. 2005; Hermsen et al. 2013; Mereghetti et al. 2013 Mereghetti et al. , 2016 , with the notable exception of that in Storch et al. (2014) , were based on simple combinations of blackbody and power law components to model the mix of thermal and nonthermal emission detected in such an old pulsar. The purpose of our work was to explore in a more quantitative way realistic models for the thermal emission of PSR B0943+10, exploiting all the available X-ray data and taking into account 16.7 ± 0.6 17 ± 1 19 ± 1 6.9 ± 0.4 6.9 the most recent (and less constraining) geometrical configurations derived from the radio observations of this pulsar. In fact, compared to brighter X-ray pulsars that can provide spectra with a better statistics, PSR B0943+10 has the advantage of a rather well known geometry. This is of great importance since it reduces the number of parameters (or at least their allowed ranges) on which the spectral and timing properties depend. In this work we adopted a value of the neutron star mass to radius ratio M/R = 1.5 M /12 km = 0.125 M /km. With lower values of the compactness it is possible to obtain higher pulsed fractions (for example a compactness of 0.1 M /km was used by Storch et al. 2014) .
We could adequately fit the 2011 plus 2014 X-ray spectra of PSR B0943+10 during both radio modes with the sum of a power law and a blackbody, confirming the results already reported with the individual data sets of the two observing campaigns (Hermsen et al. 2013; Mereghetti et al. 2016) . In addition, the higher statistics provided by the combined data disfavors the fit of the B-mode spectrum with a single blackbody, supporting the presence of thermal and non-thermal components in both modes, as proposed by these authors on the basis of their spectral-timing analysis of the pulsed and unpulsed emission.
It is natural to associate the pulsed thermal component to the polar caps, but since the geometric configuration of PSR B0943+10 implies that the emitting polar region is visible at all rotational phases, it is impossible to reproduce the large and energy-dependent (in the Q-mode) pulsed fraction unless the thermal emission is magnetically beamed (Storch et al. 2014) . A further problem of fitting with simple blackbody models is that, for the geometry of PSR B0943+10, even the emission from a hot polar cap itself supplies a sig-nificant amount of unpulsed flux, about 5 times brighter than the pulsed one. This is at variance with the results of previous analyses (confirmed here, see Table 4) showing that a single power law is adequate to fit the unpulsed emission (Hermsen et al. 2013; Mereghetti et al. 2016 ).
These problems can not be solved adopting a model of thermal emission from polar caps with a condensed iron surface, as it could be expected in the presence of strong multipolar magnetic field componentsthat could give a field higher up to orders of magnitude than the dipole. However, values as large as ∼ 10 16 G, as obtained in the fixed ions case, seem rather unrealistic. Although the condensed iron surface model can fit well the phase-averaged spectra of both the Q-and B-mode, we faced the same problems found with the blackbody, even in the most misaligned configuration consistent with the radio data (ξ = 30
• , χ = 38 • ). The observed pulse profiles can be reproduced only if we add in the fits a non-thermal power law emission significantly pulsed (see Table 5 ).
For the case of a magnetized, partially ionized hydrogen atmosphere, acceptable fits to the phase-averaged spectra of the Q-and B-mode could be found for all the geometrical configurations derived from the radio data. If only the phaseaveraged spectra are considered, the fits with a hydrogen atmosphere are acceptable without the need of an additional power law component, contrary to the case of blackbody and condensed surface models. In this case, the absence of the power law contribution at low energies leads to small values of interstellar absorption. The best fit temperatures, in the range kT = 0.10 − 0.15 keV, are lower than those obtained with the blackbody model, as it is always the case when hydrogen model atmospheres are applied (e.g., Zavlin & Pavlov 2004) . Correspondingly, the emitting radii are larger and compatible with the expected size of the magnetic polar cap for a dipolar field, R PC = (2πR 3 /Pc) 1/2 ≈ 180 m (for R = 12 km). Compared to the results of Storch et al. (2014) for the Q-mode, we find slightly lower best fit temperatures and larger emitting radii (even accounting for the different distance used by these authors). Details of the models, as well as different assumptions for the star compactness, viewing geometry and magnetic field, could possibly explain this discrepancy.
However, to fit the phase-resolved spectra an unpulsed power law component is required in addition to the emission from the polar caps modeled with the magnetized hydrogen atmosphere. We found acceptable fits for all the considered geometrical configurations, even if the more misaligned ones are disfavoured. In fact, for large ξ, we expect to see also the fan-beamed emission, that gives rise to a second peak in the light curve, at phase 0.5. The higher the magnetic field, the more intense the peak is. However, in the pulse profile of PSR B0943+10 this second peak is absent and this explains why the magnetic field derived with the fit is the lowest allowed in our grid. We do not expect that the match between the observed and the simulated pulse profile would improve for lower values of B that, moreover, would be inconsistent with the dipole field derived from the timing parameters of PSR B0943+10.
On the other hand, more aligned configurations predict a light curve with only one broad peak at phase 0, similar to the observed one. In fact, the best-fitting configuration for the Qmode has ξ = 5
• and χ = 3 • , and the spectral parameters of the thermal component are kT ≈ 0.09 keV, R cap ≈ 260 m and B ≈ 4 × 10 12 G. Remarkably, the magnetic field is fully compatible with the value at the poles derived in the dipole approximation. Figure 9 . Confidence regions (1, 2 and 3 σ confidence levels) of the polar cap temperature and radius when PSR B0943+10 is in the Q-(red lines) and in the B-mode (blue lines). The spectral parameters are derived using a magnetized hydrogen atmosphere model. The B-mode has a similar, but less pulsed, light curve. Owing to the lower counting statistics (see Table 2 ), all the explored geometrical configurations give acceptable spectra and light curves, but, using the same argument we put forward for the Q-mode, we tend to exclude the more misaligned configurations. For the most favoured geometrical configuration of the Q-mode, the best-fit B-mode parameters are kT ≈ 0.08 keV, R cap ≈ 170 m and B ≈ 2 × 10 12 G. The confidence regions of R cap and kT for the two radio modes are shown in Figure 9 . It is clear that, with the current data it is impossible to ascertain whether the flux difference between the two modes is due to a change in the temperature or in the size of the emitting area.
The hydrogen atmosphere model can also provide a better match with the observed pulsed fraction of PSR B0943+10 than the blackbody and condensed surface models, see Figure 10 . A similar result was recently reported for PSR B0823+26, another mode switching pulsar with a Figure 10 . Pulsed fraction as a function of energy computed for the case of a hydrogen atmosphere with ξ = 5
• and χ = 3 • (blue line) and of a condensed iron surface with ξ = 30
• in the free (red) and fixed (green) ions approximations. Differently to the atmosphere model, in the condensed surface case the plotted lines refer only to the thermal contribution from the polar caps. The addition of an unpulsed power law component would reduce the pulsed fraction. The black dots with error bars indicate the observed pulsed fraction of the Q-mode.
mainly thermal spectrum and a large pulsed fraction (Hermsen et al. 2018) . Remarkably, the best fitting hydrogen atmosphere model for PSR B0823+26 was obtained for a geometrical configuration (ξ = 81
• and χ = 66 • ) different from that derived from the radio data (ξ = 81
• and χ = 84 • ).
CONCLUSIONS
Our spectral analysis of the summed 2011 and 2014 data of PSR B0943+10 using blackbody and power law models confirmed the results obtained in their separate analysis (Hermsen et al. 2013; Mereghetti et al. 2016 ). In addition, thanks to the increased counting statistics, we showed that the single blackbody fit to the B-mode emission, that was consistent with the 2014 data, is actually disfavored. However, if we adopt the pulsar geometrical configuration derived from recent radio studies (Bilous 2018) , these simple models face two problems: a) they can not give rise to the significant and energy-dependent pulsed fraction observed in the Q-mode; b) they can not correctly reproduce the spectrum of the unpulsed flux, that should be dominated by the blackbody emission, while it can be fitted well by a single power law.
Replacing the blackbody with a model of thermal emission from an iron condensed surface, as it could be expected in the presence of strong multipolar components of the magnetic field, can not solve these problems. Therefore, one has to invoke that, in the blackbody and solid surface case, also the non-thermal emission is, to some extent, pulsed. Such a possibility is plausible, as shown by theoretical expectations and observations of other pulsars, and it is consistent with the current data of PSR B0943+10.
A good description of the PSR B0943+10 spectra and pulse profiles could be obtained using a magnetized hydrogen atmosphere model plus an unpulsed non-thermal component. In this case it was possible to fit well the phase-resolved spectra of both modes, for several geometrical configurations consistent with the radio data. As first shown by Storch et al. (2014) for this pulsar, the significant beaming of the emission predicted by magnetized atmosphere models gives rise to pulse profiles more consistent with the observed ones, and, as typically observed with atmosphere models, yields smaller temperatures and larger emission radii than those of blackbody fits (kT ∼ 0.09 keV, R ∼ 260 m, for the Q-mode; kT ∼ 0.08 keV, R ∼ 170 m, for the B-mode). We explored a few representative geometrical configurations derived from the radio data and found that, for surface magnetic fields of the order of the dipole value derived from the timing parameters, the most aligned configurations (i.e. ξ = 5
• and χ = 3 • ) are favoured.
The results reported here underline the importance of exploiting the full spectral and timing information in the analysis of X-ray pulsars and the strong constraints posed on the models by the knowledge of the pulsar geometry, which unfortunately is not available for most pulsars.
